We show that if a projectively Anosov flow on a three dimensional manifold preserves a C 2 codimension one foliation with a Reeb component, then it must be a Reeb foliation on S 2 × S 1 .
Introduction
In [3] , Eliashberg and Thurston developed a theory of confoliations, which are mixture of foliations and contact structures on three dimensional manifolds. They introduced a special class of deformations of foliations into contact structures, which is so called linear perturbations. Suppose that a foliation F is generated by the kernel of a 1-form α. We say that a family {ξ t } t∈R is a linear deformation into a contact structures of F if there exists a family {α t } t∈RR of 1-forms such that ξ 0 = ξ, ξ t coincide with the kernel of α t for any t ∈ R, and (d/dt)(α t ∧dα t )| t=0 is a positive volume form. It is easy to see that the definition does not depend on the choice of α and that α − tβ is a positive (resp. negative) contact form for any t > 0 (resp. t < 0) sufficiently close to 0. Eliashberg and Thurston observed that if the kernel of β also generates a foliation, then the kernels of α + tβ and α − tβ are mutually transverse and their intersection generates a flow with a special property. In [5] , Mitsumatsu studied that the same deformation for invariant foliations of Anosov flows. He called a pair of mutually transverse positive and negative contact structures a bi-contact structure, and a flow corresponding to a bi-contact structure a projectively Anosov flow or simply PA flow (Eliashberg and 
for any t > 0 and z ∈ M , where DΦ is the flow on T M/T Φ induced from Φ.
It is easy to see that the definition does not depend on the choice of the norm · and that the decomposition T M = E u + E s is uniquely determined if it exists. We say a flow is projectively Anosov (or PA) when it admits a PA splitting. Mitsumatsu [5] showed that a flow Φ without stationary points is a PA flow if and only if there exists a bi-contact structure (ξ, η) satisfying T Φ = ξ ∩ η. It is known that E u and E s are integrable but not uniquely integrable in general. If E s generates a C r foliation, the we call it the stable foliation of Φ. In this paper, we consider the conditions that characterize invariant foliations of PA flows. It is important from the view point of linear perturbation of foliations. In fact, a foliation is invariant under a PA flow if and only if it admits a linear perturbation into contact structure which changes its direction with non-zero speed everywhere, that is, the kernel of dα t /dt| t=0 is transverse to the foliation. Eliashberg and Thurston showed that if a foliation has holonomy and each compact leaf has non-trivial linear holonomy, then it admits a linear perturbation into contact structures. So, it is natural to ask which foliation admitting a linear perturbation into contact structures changing its direction with non-zero speed everywhere.
We say a PA flow is regular, if both E u and E s generate smooth invariant foliations. In [8] , [9] , [10] , and [12] , Noda and Tsuboi gave a classification of regular flows for some special three dimensional manifolds and the author [2] finally completed the classification for any three dimensional manifolds. The classification implies that any invariant foliation of a regular PA flow is either an invariant foliation of an algebraic Anosov flow or decomposed into the foliations ] that are given by Moussu and Roussarie [7] .
The main theorem of this paper asserts that any C 2 invariant foliation of a PA flow have no Reeb component with the only one exception. Remark that Minakawa [4] constructed a PA flows which preserves a Reeb foliation on S 2 × S 1 . We also remark that Mitsumatsu [6] showed that invariant foliations of C 1 -regular PA flow have no Reeb component. However, it is still unknown whether a C 1 invariant foliation of a PA flow may have a Reeb component or not.
Theorem 1.1 can be applied to the classification of invariant foliations of PA flows. We denote the n-dimensional torus by T n .
Corollary 1.2. If a C 2 foliation on T 3 is transversely orientable and is invariant under a PA flow, then it is decomposed into the foliations F([ω], 1) and
In fact, the result of Eliashberg and Thurston explained above implies that such a foliation has holonomy and any compact leaf has non-trivial linear holonomy. Hence, the corollary follows from the classification of C 2 foliations on T without Reeb components by Moussu and Roussarie [7] . We pose a conjecture to end the introduction.
Conjecture. Suppose that a smooth foliation on a closed and connected three dimensional manifold is an invariant foliation of a PA flow, then it is equivalent
to one of the followings up to finite covering:
2. An invariant foliation of an algebraic Anosov flow.
A foliation decomposed into the foliations F([ω], 1) and F([ω], 2)
2 Proof of Theorem 1.1
We fix a PA flow Φ on a connected and closed three dimensional manifold M . 
For a compact Φ-invariant subset Λ of M , we define the stable set W s (Λ) and the unstable set
We say a closed leaf L of F s is normally repelling when there exists C > 0 and λ ∈ (0, 1) such that DΦ −t | (E u /T Φ)(z) < Cλ t for any z ∈ L and any t > 0.
Let Ω 
2 × Σ→M be an embedding. We call a C 2 -diffeomorphism r : R→R between two rectangles R and R a return of (Φ, ψ) if there exists a positive valued function τ on R such that Φ τ (w) (ψ(w)) = ψ • r(w) for any w ∈ R. Remark that r −1 : R →R is a return of (
k=1 be a family of returns of (Φ, ψ). We say a sequence (k(n)) n * n=1 with n * ∈ {1, 2, . . . , ∞} is R-admissible for a subset Λ of
2 × Σ for any n = 1, 2, . . . , n * . We write R −1 for a family of returns {r
We say the family R is full when
It is easy to see that there exist a full family of returns of (Φ, ψ).
where |J| is the length of an interval J. We call a sequence (
is a fine (R, ∆ 1 )-admissible sequence for I i for any i ≥ 1, n i tends to infinity as i→∞, and lim sup |r ki(ni) • · · · r ki (1) 
The following is a variant of 'Denjoy property' that is shown by Pujals and Sambarino in [11] . 
By taking subsequences if it is necessary, we can assume that J i converges to an interval J * = [x,x ] ×ȳ ×σ and there exist sequences (k (n)) ∞ n=1 and (i n ) n≥1 such that i n tends to infinity as n→∞ and k i (n) = k (n) for any n ≥ 1 and i = 1, . . . , i n . It is easy to check that (k (n))
is an (R −1 , ∆ 1 )-admissible sequence for J * By the choice of the constant ∆ 1 , there exists
The following is the keystone of the proof of the main theorem.
Suppose that U does not coincide with F s (z). We say a point z ∈ M is accessible from U when there exists a continuous map l : [0, 1]→M such that l(1) = z and l(t) ∈ U for any t ∈ [0, 1). We claim any point z 1 ∈ ∂U accessible from U is a periodic point. Without loss of generality, we may assume that
2 × Σ and x 0 ∈ (x 0 , 1). Let ∆ 1 > 0 be the constant obtained in Lemma 2.1 and take a fine R-admissible 
Non-normally repelling invariant tori
In this subsection, we show the following proposition. 
